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Introduction

Digital geometry is the field of mathematics that studies the geometry of
hoints with integer coordinates, also known as lattice points [1]. Convexity
is a fundamental concept in digital geometry, as well as in continuous
geometry [2]. From a historical perspective, the study of digital convexity
dates back to the works of Minkowski [3] and it is the main subject of the
mathematical field of geometry of numbers. While convexity has a unique
well stated definition in any linear space, different definitions have been
investigated in Z2 and Z3. In two dimensions, we encounter at least five
different approaches, called respectively digital line, triangle, HV (for
Horizontal and Vertical), and Q (for Quadrant) convexities. These
definitions were created in order to guarantee that a digital convex set is
connected (in terms of the induced grid subgraph), which simplifies several
algorithmic problems.

Definition

The original definition of digital convexity in the geometry of number does
not guarantee connectivity of the grid subgraph, but provides several other
important mathematical properties, such as being preserved under certain
affine transformations (Fig. 1). The definition is the following.

digital convex: A set of lattice points S C Z9 is digital convex if
conv(S) N Z9 = S, where conv(S) denotes the convex hull of S.

Figure 1: Shearing a digital convex set. Example of a set whose connectivity is lost after a

linear shear.

Problems considered

Here are a few if the problems considered: Given set of lattice:

» Is the set digital convex ?

Problem Test Convexity(S)
Input: Set S C Z9 of n lattice points given by their coordinates.
Output: Determine whether S is digital convex or not.

» What is the largest digital convex subset ?

Problem Digital Potato Peeling (S)

Input: Set S C Z2 of n lattice points given by their coordinates.
Output: Determine the largest set K C S that is digital convex (i.e.,
conv(K) N Z% = K), where largest refers to the area of conv(K).

» What is the largest union of k digital convex subsets ?
Problem Digital k-Potato Peeling (S)
Input: Set S C Z2 of n lattice points given by their coordinates.

Output: Determine the largest union of sets K = K1 U Ko U ... U K
such that Vi € [1..k] : K; C S is digital convex.
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Figure 2: (a) Input lattice set S. (b) Largest digital convex subset of S. (c) Largest union of

two digital convex subsets of S.
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Results and Conclusion

Many problems in the intersection of digital, convex, and computational
geometry remain open. Our study falls in the following framework of
problems, all of which receive as input a set of n lattice points S C Z¢ for
constant d and are based on a fixed parameter kK > 1.

. Is' S the union of at most k digital convex sets?

. What is the smallest superset of S that is the union of at most k digital
convex sets?

. What is the largest subset of S that is the union of at most k digital
convex sets?

In [4] we considered the first problem for k = 1, presenting polynomial
time solutions (which may still leave room for major improvements for

d > 3). We are not aware of any previous solutions for k > 1. In
contrast, the continuous version of the problem is well studied. The case of
k = 1 can be solved easily by a convex hull computation or by linear
programming. Polynomial algorithms are known for d = 2 and

k < 315, 6], as well as for d = 3 and k < 2 [7]. The problem is already
NP-complete for d = k = 3 [7]. Hence, the continuous version remains
open only for d = 2 and fixed kK > 3.

It is easy to obtain polynomial time algorithms for the second problem when
k = 1, since the solution consists of all points in the convex hull of S.
The continuous version for d = k = 2 can be solved in O(n*log n)
time [8]. Also, the orthogonal version of the problem is well studied (see for
example [9]). We know of no results for the digital version.

n a yet to be published paper, we considered the digital version of the third
oroblem for d = 2 and k = 1, 2, proposing algorithms with respective
running times of O(n® + n?log r) and O(n® + n®r), where r is the
diameter of S. Since the first problem trivially reduces to the third
problem, we also solved the first problem for k = d = 2 in O(n® + n°r)
time. It is surprising that we are not aware of any faster algorithm for the
first problem in this particular case.

The third problem for d > 2 or k > 2 remains open. Surprisingly, even
the continuous version seems to be unresolved for d > 2 or k > 2.
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